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Jλ,max :“ unique max prim ideal with inf char λ

AVpUpgq{Jλ,maxq “ Oλ (Borho-Brylinski, Joseph ...)

dǑ :“ Oλ
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d : Ň ÝÝÑ N
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d : Ň ÝÝÑ N
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d restricts to an order reversing bijection

d : Ň sp
„ÝÝÑ N sp
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Ň sp Nsp
d



Affine vertex algebras and an affine analog of the Barbasch-Vogan construction

Classical picture

Relation with two-sided cells
(Joseph, Barbasch, Vogan, Kazhdan, Lusztig, Borho, Brylinski, Kashiwara, Beilinson, Bernstein ...)

ttwo-sided cells in W u „ÝÝÑ N sp

cpwq ÞÑ AVpUpgq{Ann Lpw ˝ 0qq “ O ÞÑ O

ttwo-sided cells in W u
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where wλ P W is the longest element stabilizing λ.
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As W -representations,

KOpUpgq{Jλ,maxq – H_
cLpwλq|q“1
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Affine analog

Affine analog of Ǒ ÞÑ λ “ h
2

Define the cyclotomic level map

cln : Ň ÝÝÑ Z1ď‚ďh

as follows:

Ǒ “ SatǦĽ OĽ “ Ǧ ¨ OĽ, with OĽ distinguished in ľ

sl2-triple th, e, f u Ă ľ

2a :“ largest eigenvalue of ad h ý̌l

clnpǑq :“ a ` 1

Example

p “ pp1 ě p2 ě ¨ ¨ ¨ q partition

Type A,C : clnpǑpq “ p1

Type B,D: clnpǑpq “ p1 or p1 ´ 1.
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The orbits Ǒpmq

Theorem (Shan-Yan-Z.)

Each cl´1
n pmq, if nonempty, contains a unique maximal orbit Ǒpmq.

In fact

Ǒpmq “
ď

clnpǑqďm

Ǒ.

(Recall that special orbits are the unique max orbits in the fibers of d)

Example

Classical types: Ǒpmq « the most rectangular partition with width m
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Affine analog of Ň sp
„ÝÑ tcells in W u

Lusztig:

Ň „ÝÝÑ ttwo-sided cells in Waff u

The construction is different from the classical Ǒ ÞÑ λ ÞÑ wλ ÞÑ cpwλq.

However, when restricted to tǑpmqu, the bijection can be described in a

very similar fashion to the classical one.
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m

mΛ0 ` ρ P h˚
aff

ξm :“ dominant Waff -translate of mΛ0 ` ρ

wm P Waff the longest element stabilizing ξm

Theorem (Shan-Yan-Z.)

Suppose g is simply-laced. Then under Lusztig’s bijection,

Ǒpmq ÞÑ cpwmq.
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Affine analog of Upgq{Jλ,max

k :“ m ´ ȟ

V kpgq “ Upgaff q b
Upgrrtssq‘CK

Ck universal affine vertex algebra

Lkpgq simple affine vertex algebra

XLkpgq “ associated variety of Lkpgq Ď g

Moral (conjectural):

Lkpgq ÐÑ Upgq{Jλ,max

XLk
ÐÑ AVpUpgq{Jλ,maxq

KOξm´ρ̂pLkq ÐÑ KOpUpgq{Jλ,maxq

Lk and Fℓγ ÐÑ Upgq{Jλ,max and Be
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Associated variety of Lk

Let k be an integer.

k ě 0: XLk
“ t0u

k “ ´ȟ: XLk
“ N (Frenkel-Gaitsgory)

k ă ´ȟ: XLk
“ g

´ȟ ă k ă 0: XLk
“ ? except sporadic examples and subfamilies

(Arakawa-Moreau, Arakawa-Futorny-Križka, Jiang-Song, Gorelik-Kac, ...)

Our setup: 1 ď m ď h
ADE
““ ȟ ùñ ´ȟ ă k ď 0
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k ă ´ȟ: XLk
“ g
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Affine analog

Associated variety of Lk

Ǒpmq “ SatǦĽ OĽ with OĽ distinguished in Ľ

Define the sheet SpL,dOĽq to be the image of

G ˆP pdOĽ ˆ zplq ˆ uq Ă G ˆP p Ñ g.

Conjecture (Shan-Yan-Z.)

Suppose g is simply-laced, and m P im čln. Then

XLkpgq “ SpL,dOĽq.

In particular, when Ǒpmq is distinguished,

XLkpgq “ dǑpmq.

We also have a conjecture for m R im čln
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Simple modules of Lk

Recall KOpUpgq{Jλ,maxq – H_
cLpwλq

|q“1.

Conjecture (Shan-Yan-Z.)

Suppose g is simply-laced, m P im čln, and Ǒpmq is distinguished. Then

KOξm´ρ̂pLkpgqq – H_
aff ,cLpwmq|q“1.

In particular,

IrrOξm´ρ̂pLkpgqq “ tLpy ˝ pξm ´ ρ̂qq | y P cLpwmqu

is a finite set.

Recall: Lusztig’s bijection sends Ǒpmq ÞÑ cpwmq

Ǒpmq distinguished ðñ cpwmq is a finite set
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Affine analog

Springer theories

Classically:

Ǒ Q e Springer fiber Be

H toppBeqAǦ peq b sgn is the unique special W -rep in H_
cLpwλq

|q“1

Affine: cln is closely related to affine Springer fibers Fℓγ

Conjecture (Shan-Yan-Z.)

Suppose g is simply-laced, m P im čln, and Ǒpmq is distinguished. There

is an injection of Waff -representations

H toppFℓγq
AǦpptqqpγq,_

ãÝÝÑ H_
aff ,cLpwmq|q“1 – KOξm´ρ̂pLkpgqq.
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Thank you!
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