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Setup

g - semisimple Lie algebra over C
C - a nice category of representations of g.

Examples:
C “ O1

λ “ Modfgpg,Nqλ the Category O1 with infinitesimal
character χλ

C “ Modfgpg,N, fqλ the category of Whittaker modules
C “ Modfgpg,Kqλ the category of pg,Kq-modules
(representations of real groups)
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g - semisimple Lie algebra over C
C - a nice category of representations of g.
We will focuse on:

C “ O1
λ “ Modfgpg,Nqλ the Category O1 with infinitesimal

character λ
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Setup - Properties of C

The category C we are looking at has some nice properties:

Every object has finite length
There are finitely many irreducible objects Lw, parameterized
by a set w P Ξ

Each irreducible Lw is the unique irreducible submodule of a
standard object Iw, which are much easier to understand.
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Setup - An example

g “ slp3,Cq

C “ Modfgpg,Nqλ

Ξ “ W, the Weyl group of g
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The Kazhdan-Lusztig problem

Describe the Lw’s in terms of the Iw’s, i.e.

Find an expression
rLws “

ÿ

vPΞ

cwvrIvs

in the Grothendieck group KC.
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Solution of Kazhdan-Lusztig problem - integral case

1st step: Localization

B - flag variety of g, with a G-action

Dλ - sheaf of differential operators on B, with twist λ
ModcohpDλq - category of coherent Dλ-modules (i.e. OB
quasi-coherent and locally finitely generated over Dλ)

Theorem (Beilinson-Bernstein)

If λ is antidominant regular, then taking global sections is an
equivalence of categories

ΓpX,´q : ModcohpDλq – Modfgpgqλ.

Its inverse Dλ bUpgqλ
´ is called the localization functor.
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quasi-coherent and locally finitely generated over Dλ)
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1st step: Localization

Modfgpg,Nqλ Lw Iw

ModcohpDλ,Nq Lpw, λq Ipw, λq

iCpwqãÑB,˚OCpwq

–

where the Cpwq’s are N-orbits on B, a.k.a. Schubert cells
(parameterized also by W).
SuppLpw, λq “ Supp Ipw, λq “ Cpwq.
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2nd step: Algorithm (λ integral)

Goal: find a way to obtain info about Lpw, λq from those Lpv, λq’s
with smaller support.

Suppose we already know Lpv, λq.
Find a partial flag variety with 1-dimensional fibers (given by a
simple root α:

P1 B

t˚u Pα

pα
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Want: dim pαpCpvqq “ dimCpvq.

(Such α always exists if Cpvq is not already the largest orbit in B).
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2nd step: Algorithm (λ integral)

Goal: find a way to obtain info about Lpw, λq from those Lpv, λq’s
with smaller support.
Suppose we already know Lpv, λq.
Find a partial flag variety with 1-dimensional fibers (given by a
simple root α:

Cpvq Y Cpvsαq

Cpvq p´1
α ppαpCpvqqq B

pαpCpvqq Pα

pα

We say α is transversal to Cpvq.
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2nd step: Algorithm (λ integral)

Cpvq Y Cpvsαq

Cpvq p´1
α ppαpCpvqqq B

pαpCpvqq Pα

pα

Decomposition Theorem [Beilinson-Bernstein-Deligne-Gabber]
ùñ pα˚Lpv, λq is a ‘ of irreducibles

p˚
αpα˚Lpv, λq is a ‘ of irreducibles

Note: Supp p˚
αpα˚Lpv, λq “ Cpvq Y Cpvsαq

ùñ Lpvsα, λq Ă
‘

p˚
αpα˚Lpv, λq, with multiplicity 1.
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2nd step: Algorithm (λ integral)

Start with
Lpv, λq “

ÿ

u
cvuIpu, λq

(in the mixed/graded Grothendieck group Km ModcohpDλ,Nq)

Apply Uα :“ p˚
αpα˚:

Lpvsα, λq ‘ p¨ ¨ ¨ q “ UαLpv, λq “
ÿ

u
cvuUαIpu, λq

Solve for Lpvsα, λq.
Remark: the Uα’s define an action HpWq ýKm ModcohpDλ,Nq.
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Example: g “ slp3,Cq

sγ dim “ 3
sαsβ sβsα dim “ 2

sα sβ dim “ 1

1 dim “ 0
α β

β α

α β
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B Pα

Zα :“ B ˆPα B ´ ∆B, a single G-orbit in B ˆ B.
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Solution: if α is non-integral to λ,
replace Uα by the intertwining functor

Zα B

B

p1

p2

Iα :“ p2˚

´

Lα b
OZα

p˚
1p´q

¯

α transversal to Cpvq ùñ dim p2pp´1
1 pCpvqqq “ dimCpvq ` 1

(Iα does the same job as Uα in the algorithm).
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Strategy (λ non-integral)

Theorem (Beilinson-Bernstein)

If α is non-integral to λ, then Iα is an equivalence of categories

Iα : ModcohpDλq – ModcohpDsαλq

whose inverse is Iα. Moreover,

IαLpv, λq “ Lpvsα, sαλq,

IαIpv, λq “ Ipvsα, sαλq.

Price: need to work with different λ’s.
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Algorithm (λ non-integral)

Suppose we know Lpv, µq for any µ. Let α be transversal to Cpvq.
Want to find Lpvsα, λq

If α is integral to λ,

UαLpv, λq Lpvsα, λq.

If α is non-integral to λ,

IαLpv, sαλq “ Lpvsα, λq.

This gives an algorithm for finding all irreducibles for all λ.
Remark: ... and an action HpWλq ýModcohpDλ,Nq.



A non-integral Kazhdan-Lusztig algorithm
Non-integral case

Algorithm (λ non-integral)

Suppose we know Lpv, µq for any µ. Let α be transversal to Cpvq.
Want to find Lpvsα, λq

If α is integral to λ,

UαLpv, λq Lpvsα, λq.

If α is non-integral to λ,

IαLpv, sαλq “ Lpvsα, λq.

This gives an algorithm for finding all irreducibles for all λ.
Remark: ... and an action HpWλq ýModcohpDλ,Nq.



A non-integral Kazhdan-Lusztig algorithm
Non-integral case

Algorithm (λ non-integral)

Suppose we know Lpv, µq for any µ. Let α be transversal to Cpvq.
Want to find Lpvsα, λq

If α is integral to λ,

UαLpv, λq Lpvsα, λq.

If α is non-integral to λ,

IαLpv, sαλq “ Lpvsα, λq.

This gives an algorithm for finding all irreducibles for all λ.
Remark: ... and an action HpWλq ýModcohpDλ,Nq.



A non-integral Kazhdan-Lusztig algorithm
Non-integral case

Example: g “ slp3,Cq, λ “ 1
2phighest rootq

sβλ

sγ
sαsβ sβsα

sα sβ

1
α β

β α

α β

λ

sγ
sαsβ sβsα

sα sβ

1
α β

β α

α β

sαλ

sγ
sαsβ sβsα

sα sβ

1
α β

β α

α β
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Existing methods of category O1

Beilinson-Bernstein-Lusztig (1984):

Modpg,Nqλ
deform

Modpg,Nqrat ModpDL˚ ,Nq

PervNpL˚q positive char,

where L Ñ B is the total space of a line bundle determined by the
rational twist, and L˚ “ L´ zero sections.

Soergel (1990):

Modpg,Nq ModpDB,Nq PervNpBq Soergel bimodules

Both methods require going to perverse sheaves. (with
Mochizuki’s Decomposition Theorem for holonomic D-modules,
BBL’s method doesn’t need perverse sheaf anymore...)
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Advantage of our method

Compared with Beilinson-Bernstein-Lusztig’s approach, we don’t
need to distinguish rational twists from arbitrary twists.

Compared with Soergel’s approach, we don’t need to go into
perverse sheaves.

Example: Whittaker modules ModcohpDλ,N, fq do not correspond
to perverse sheaves (because these D-modules are NOT regular
holonomic).
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Thank you!
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