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Setup

m g - semisimple Lie algebra over C

m C - a nice category of representations of g.
Examples:
m C = O} = Modg(g, N), the Category O’ with infinitesimal
character
m C = Modg(g, N, f) the category of Whittaker modules
m C = Modg(g, K)» the category of (g, K)-modules
(representations of real groups)
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Setup

m g - semisimple Lie algebra over C
m C - a nice category of representations of g.
We will focuse on:
m C = O} = Modg(g, N), the Category O’ with infinitesimal
character A
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Setup - Properties of C

The category C we are looking at has some nice properties:
m Every object has finite length

m There are finitely many irreducible objects L,,, parameterized
by a set we =

m Each irreducible L, is the unique irreducible submodule of a
standard object /,,, which are much easier to understand.
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m g=s5l(3C)
| | C = |\/|Od,cg(g7 N))\
m =

= W, the Weyl group of g
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‘—The Kazhdan-Lusztig Conjecture

The Kazhdan-Lusztig problem

Describe the L,,'s in terms of the /,,'s, i.e.
Find an expression

[Lw] = chv[/v]

in the Grothendieck group KC.
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1st step: Localization

m 3 - flag variety of g, with a G-action
m D, - sheaf of differential operators on B, with twist A

m Modcon(Dy) - category of coherent Dy-modules (i.e. Op
quasi-coherent and locally finitely generated over D))

Theorem (Beilinson-Bernstein)

If X is antidominant regular, then taking global sections is an
equivalence of categories

F(X,—) : Modcoh(D,\) = Modfg(g)A.

Its inverse Dy ®yq), — is called the localization functor.
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Solution of Kazhdan-Lusztig problem - integral case

1st step: Localization

m 3 - flag variety of g, with a G-action
m D, - sheaf of differential operators on B, with twist A

m Modcon(Dy) - category of coherent Dy-modules (i.e. Op
quasi-coherent and locally finitely generated over D))

Theorem (Beilinson-Bernstein)

If X is antidominant regular, then taking global sections is an
equivalence of categories

r(Xa _) : MOdcoh(DAa N) = MOdfg(gv N))w

Its inverse Dy ®yq), — is called the localization functor.
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1st step: Localization

I\/lodfg(g, N))\ LW e /W
Modcon(Dy, N) L(w,\) —— I(w, \)
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1st step: Localization

Mod (g, N)x Ly —————— Iy

l I I

Modcon(Da, N) L(w,\) —— Z(w, \)
|

ic(w)y—B,+Oc(w)

12

where the C(w)'s are N-orbits on B, a.k.a. Schubert cells
(parameterized also by W).

Supp L(w, A) = SuppZ(w, A) = C(w).
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1st step: Localization

Modg (g, N)x Ly —— Iy
Modcon(Dax, N) L(w,\) —— Z(w, \) K

ic(w)—8,:Ocw)

the cokernel K is supported on the boundary of C(w).
= for the closed orbit C(1), £(1,\) = Z(1, \).
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‘—Solution of Kazhdan-Lusztig problem - integral case

2nd step: Algorithm (\ integral)

Goal: find a way to obtain info about L(w, A) from those L(v, \)’s
with smaller support.

Suppose we already know L(v, A).

Find a partial flag variety with 1-dimensional fibers (given by a
simple root «:

C(v) « B

N |~

Pa(C(v)) —— Pa

Want: dim p,(C(v)) = dim C(v).
(Such « always exists if C(v) is not already the largest orbit in ).
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‘—Solution of Kazhdan-Lusztig problem - integral case

2nd step: Algorithm (\ integral)

Goal: find a way to obtain info about £(w, \) from those L(v, \)'s
with smaller support.

Suppose we already know L(v, A).

Find a partial flag variety with 1-dimensional fibers (given by a
simple root a:

C(v) U C(vsy)
|
C(v) —— pat(pa(C(v))) —— B

We say « is transversal to C(v).
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2nd step: Algorithm (A integral)

C(v) U C(vsa)
I
Cv) — pat(pa(C(V) —— B
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I
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| |~
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Decomposition Theorem [Beilinson-Bernstein-Deligne-Gabber]
= paxL(v,\) is a @ of irreducibles
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‘—Solution of Kazhdan-Lusztig problem - integral case

2nd step: Algorithm (\ integral)

C(v) U C(vsa)
I
C(v) — Pt (palC(V)) —— B

| |~

Pa(C(V)) ——— Pa

Decomposition Theorem [Beilinson-Bernstein-Deligne-Gabber]
= paxL(v,\) is a @ of irreducibles
> D Do L(v, A) is a @ of irreducibles

Note: Supp p}:pasL(v,\) = C(v) U C(vsy,)
= L(vsa, ) = P pax L(v, A), with multiplicity 1.
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2nd step: Algorithm (\ integral)

Start with

A) = cwT(u, \)

(in the mixed/graded Grothendieck group K™ Modoh(Dy, N))
Apply Uy := p}pas:

L(Vsa, \) @ () = Ua (v, \) chuUIuA)
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‘—Solution of Kazhdan-Lusztig problem - integral case

2nd step: Algorithm (\ integral)

Start with

A) = cwT(u, \)

(in the mixed/graded Grothendieck group K™ Modoh(Dy, N))
Apply Uy := p}pas:

L(Vsa, \) @ () = Ua (v, \) chuUIu)\)

Solve for L(vsy, A).
Remark: the U,'s define an action H(W) & K™ Modcon(Da, N).
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Example: g = sl(3,C)

% 57 ﬁ dim = 3
SaSB SgSa dim = 2
s Jo

Sa 58 dim=1

1 dim=0
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‘—Non-integral case

What's wrong with A\ non-integral?

What goes wrong when X is non-integral?
(X non-integral <= 7 finite dim rep of g with inf char )

C(v) U C(vsa)
|
C(v) —— P (pa(C(v))) —— B
~. | |~
P

pa(C(V)) ——

07
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‘—Non-integral case

What's wrong with A\ non-integral?

What goes wrong when X is non-integral?
(X non-integral <= 7 finite dim rep of g with inf char x))

To define p,« and p}, we need a sheaf Dy p, on P,.
If a is non-integral to A, D) p, does not exist.
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Strategy (A non-integral)

Solution: if « is non-integral to A,
replace U, by the intertwining functor

BxB«——Bxp, B—— B

| |

B Pao
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‘—Non-integral case

Strategy (A non-integral)

Solution: if « is non-integral to A,
replace U, by the intertwining functor

BxB«——Bxp, B—— B

| |

B Pa
Zy =B xp, B— AB, a single G-orbit in B x B.
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Strategy (A non-integral)

Solution: if « is non-integral to A,
replace U, by the intertwining functor

Z, 2. B

Q

P2

B

o= pou(La ® P1(-))

Zo
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Strategy (A non-integral)

Solution: if « is non-integral to A,
replace U, by the intertwining functor

Z, 2. B

Q

P2

B
b = p2e (Lo @ PE(-))

o transversal to C(v) = dim pa(p; 1(C(v))) = dim C(v) + 1
(I, does the same job as U, in the algorithm).
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Strategy (A non-integral)

Theorem (Beilinson-Bernstein)

If o« is non-integral to X\, then I, is an equivalence of categories
lo, : Mod o (D)) = Modcon(Ds,2)
whose inverse is l,. Moreover,
I L(v,\) = L(VSq, Sa M),

IZ(v,\) = Z(vsq, Sa ).
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Non-integral case

Strategy (A non-integral)

Theorem (Beilinson-Bernstein)

If o« is non-integral to X\, then I, is an equivalence of categories
lo, : Mod o (D)) = Modcon(Ds,2)
whose inverse is l,. Moreover,
I L(v,\) = L(VSq, Sa M),

IZ(v,\) = Z(vsq, Sa ).

Price: need to work with different \'s.
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Algorithm (A non-integral)

Suppose we know L(v, i) for any u. Let a be transversal to C(v).
Want to find L(vsa, A)
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Algorithm (A non-integral)

Suppose we know L(v, i) for any u. Let a be transversal to C(v).
Want to find L(vsa, A)
If v is integral to A,

Ua L(v, X) ~> L(VSe, A).
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‘—Non-integral case

Algorithm (A non-integral)

Suppose we know L(v, i) for any u. Let a be transversal to C(v).
Want to find L(vsa, A)
If v is integral to A,

Ua L(v, X) ~> L(VSe, A).

If a is non-integral to A,
InL(V, 5o A) = L(VSn, A).

This gives an algorithm for finding all irreducibles for all A.
Remark: ... and an action H(W)) G Modon(Day, N).
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Example: g = s1(3,C), A = 3(highest root)

SpA A Sa A
S S S
a > B v B a8
=z T~ e N A
SaSB 535a SaSB 535a SaSB 535q
| |a 5 o B o
Sa S8 Sa S8 Sau S8
& B. No B. Ny %



A non-integral Kazhdan-Lusztig algorithm

‘—Comparison with existing methods

Table of Contents

Comparison with existing methods



A non-integral Kazhdan-Lusztig algorithm
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Existing methods of category O
Beilinson-Bernstein-Lusztig (1984):
deform
Mod(g, N)) -~~~ Mod(g, N)at ~~> Mod(D_x, N)

w> Pervy(L*) ~~ positive char,

where L — B is the total space of a line bundle determined by the
rational twist, and L* = L— zero sections.
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Comparison with existing methods

Existing methods of category O

Beilinson-Bernstein-Lusztig (1984):

Mod(g, N)y 22" Mod(g, N),a¢ ~ Mod(Dyx, N)

w> Pervy(L*) ~~ positive char,

where L — B is the total space of a line bundle determined by the
rational twist, and L* = L— zero sections.

Soergel (1990):
Mod(g, N) ~~> Mod(Dg, N) -~ Pervy(B) ~ Soergel bimodules

Both methods require going to perverse sheaves. (with
Mochizuki's Decomposition Theorem for holonomic D-modules,
BBL's method doesn't need perverse sheaf anymore...)
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‘—Comparison with existing methods

Advantage of our method

Compared with Beilinson-Bernstein-Lusztig's approach, we don't
need to distinguish rational twists from arbitrary twists.

Compared with Soergel's approach, we don't need to go into
perverse sheaves.

Example: Whittaker modules Modop (D), N, f) do not correspond
to perverse sheaves (because these D-modules are NOT regular
holonomic).
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Thank you!
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