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Langlands parameter spaces

Setup /R

G - connected reductive algebraic group /C
GR - real group with complexification “ G

Infinitesimal character:
g - Lie algebra of G
ReppGRq Ñ Modpgq – ModpUpgqq � ModpZpUpgqqq

ΛR : ZpUpgqq Ñ C - infinitesimal character
ΠpGR,ΛRq - irreducible representations of GR with infinitesimal
character ΛR /„
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Langlands parameter spaces

Setup /R

Want: classify ΠpGR,ΛRq.

Local Langlands Correspondence (Langlands, ...):

ΠpGR,ΛRq « t(enhanced) Langlands parametersu{ „ .

Adams-Barbasch-Vogan:

t(enhanced) Langlands parametersu{ „ « Irr PervpB̌, Ǩq

(under some conditions...)
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Langlands parameter space /R

Ǧ - Langlands dual group
B̌ Ă Ǧ - Borel subgroup (upper-triangular matrices)

B̌ “ Ǧ{B̌ - flag variety of Ǧ
(smooth projective variety)

ǦR - real form of Ǧ determined by GR

ǨR Ă ǦR - maximal compact subgroup
Ǩ Ă Ǧ - complexification

Ǩ Ă Ǧ ý̌B
PervpB̌, Ǩq - category of Ǩ-equivariant perverse sheaves on B̌

Irr PervpB̌, Ǩq - irreducible objects
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Ǩ Ă Ǧ ý̌B
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SL2 example

GR “ PGL2pRq, G “ PGL2pCq,
ΛR “ inf char of trivial rep C

ΠpPGL2pRq, trvq “ t

C` (1-dim’l)
C´ (1-dim’l)
DS (8-dim’l)

u
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Langlands parameter spaces

SL2 example

ǦR “ SL2pRq, Ǧ “ SL2pCq,
Ǩ “ Cˆ ýP1 “ B̌
Irr PervpP1,Cˆq “ t

skyscraper at 0 P P1

skyscraper at 8 P P1

constant sheaf CP1

I “ “Mobïus strip over C˚ Ă P1”
u



A(nother) geometric comparison between representations of real and p-adic groups
Langlands parameter spaces

SL2 example

ΠpPGL2pRq, trvq Irr PervpP1,Cˆq

C` skyscraper at 0
C´ skyscraper at 8

DS CP1

(C of PSUp2q) I
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p - connected split reductive group /Qp

Λp : WQp Ñ Ǧ1
p - “infinitesimal character” (due to Vogan)

ΠpG1
p,Λpq - irreducible representations of G1

p with infinitesimal
character Λp /„
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Langlands parameter space /Qp

XΛp “
␣

ξ P ǧ1
p | @ w P WQp ,AdpΛppwqqξ “ |w|ξ

(

(conical affine variety in ǧ1
p)
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Geometric comparison

Goal

Find pairs of groups pGR,G1
pq and pairs of infinitesimal characters

pΛR,Λpq so that
ΠpG1

p,Λpq „ ΠpGR,ΛRq
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Idea

Instead of trying to directly build a map

ΠpG1
p,Λpq „ ΠpGR,ΛRq

Construct functors between

PervpXΛp ,ZǦ1p
pΛpqq and PervpB̌, Ǩq

ð construct a “map” of varieties

XΛp L99 B̌

In practice:
rXΛp{ZǦ1p

pΛpqs L99 rB̌{Ǩs
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pΛpqs L99 rB̌{Ǩs
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Geometric comparison

Desiderata

rXΛp{ZǦ1p
pΛpqs L99 rB̌{Ǩs

should satisfy some properties:

sends a large part of rB̌{Ǩs into an open subspace of
rXΛp{ZǦ1p

pΛpqs

intertwines translation functors and Jacquet
restrictions/Zelevinsky derivatives

ΠpG1
p,Λpq ΠpGR,ΛRq

ΠpL1
p,Λ

1
pq ΠpGR,Λ

1
Rq

Jacquet

„

translation

„
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pΛpqs L99 rB̌{Ǩs
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Desiderata

rXΛp{ZǦ1p
pΛpqs L99 rB̌{Ǩs

should satisfy some properties:
sends a large part of rB̌{Ǩs into an open subspace of
rXΛp{ZǦ1p

pΛpqs

intertwines translation functors and Jacquet
restrictions/Zelevinsky derivatives

XG1p,Λp B̌

XL1p,Λ1p B̌

„

Lusztig ind

„

Hecke
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Which pairs of groups?

The following pairs should work:

G1
p GR

GLmpQpq GLnpCq

Spp2m,Qpq Upa, bqSOp2m ` 1,Qpq

(each ΛR many possible pG1
p,Λpq’s)

The following pairs are expected to work:

Spp2m,Qpq Spp2n,Rq

SOp2m ` 1,Qpq SOp2n ` 1,Rq

¨ ¨ ¨ ¨ ¨ ¨
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Automorphic representations

G - connected reductive group /Q
AQ Ă R ˆ

ś

p Qp

GpAQq ýL2`GpQqAzGpAQq
˘

Automorphic representations: those appearing inside
L2`GpQqAzGpAQq

˘

.
Arthur’s conjecture: classify automorphic representations.
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Arthur packets

Arthur:
tautomorphic repsu “

Ť

ψ ΠA
ψpGpAqq

loooomoooon

Arthur packets

π
loomoon

GpAQq-rep

“ πR
loomoon

GpRq-rep

Â1
p πp
loomoon

GpQpq-rep

ΠA
ψpGpAqq « ΠA

ψR
pGpRqq and ΠA

ψppGpQpqq
looooooooooooooooomooooooooooooooooon

local Arthur packets
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Motivation/applications

Calculation of Arthur packets

Status: for G split classical,
/Qp local A-packets are computable (D algorithm)

/R local A-packets are known and easily computable if the
infinitesimal character is regular (“Adams-Johnson packets”)
Mœglin-Renard: other A-packets can be obtained from
AJ-packets by translating the infinitesimal character
(D not so nice algorithm)
use our comparison and do calculation on the p-adic side

instead (this is the reason for the desiderata...)
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Motivation/applications

Multiplicity one of A-packets

Arthur: can determine the multiplicity of π in L2`GpQqAzGpAQq
˘

provided the local A-packets have “multiplicity one”.

ψ Apψq, finite group (usually 2-group)
π P ΠA

ψpGq ρπ P ReppApψqq

“Multiplicity one” means dim ρπ “ 1.
(solved in the p-adic case for quasi-split classical groups(?))
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Motivation/applications

Local Arthur packets via geometry

Adams-Barbasch-Vogan (’92) + Adams-Arancibia-Mezo (’22):
ΠA
ψR

pGpRqq, ApψRq, and ρπR can be defined using microlocal
geometry of rB̌{Ǩs.

Vogan’s conjecture (’93) +
Cunningham-Fiori-Moussaoui-Mracek-Xu (’21) + ... :

ΠA
ψppGpQpqq, Apψpq, and ρπp can (conjecturally) be defined

using microlocal geometry of rXΛp{ZǦpΛpqs.
Our comparison: also relates microlocal geometry info of both sides

translate the problem to p-adic side
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Chan-Wong (’24)

Functor: ReppGLnpCqq
Γn,m
ÝÝÑ Modp Hm

loomoon

gr-Hecke
algebra

q ÝÝÑ ReppGLmpQpqq.

Construction is algebraic, and no Langlands dual
« our construction
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Barchini-Trapa

G1 “ G split classical group
rXΛp{ZǦppΛpqs ãÝÝÑ rB̌{Ǩs locally closed immersion

Good for relating Arthur packets for the same group
image is small...
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Thank you!


	Langlands parameter spaces
	Geometric comparison
	Motivation/applications
	Existing comparisons

