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‘—Langlands parameter spaces

Setup /R

m G - connected reductive algebraic group /C

m Gg - real group with complexification = G
Infinitesimal character:

m g - Lie algebra of G

= Rep(Gz) — Mod(g) = Mod(U(g)) — Mod(Z(1(g)))

m Ar : Z(U(g)) — C - infinitesimal character

M(Ggr, Ar) - irreducible representations of Gg with infinitesimal
character Ag /~
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‘—Langlands parameter spaces

Setup /R

Want: classify M(Gg, Ar).
Local Langlands Correspondence (Langlands, ...):

M(Ggr, Ar) ~ {(enhanced) Langlands parameters}/ ~ .

Adams-Barbasch-Vogan:
{(enhanced) Langlands parameters}/ ~ ~ Irr Perv(53, K)

(under some conditions...)



A(nother) geometric comparison between representations of real and p-adic groups

‘—Langlands parameter spaces

Langlands parameter space /R

v

m G - Langlands dual group

m B G- Borel subgroup (upper-triangular matrices)
~> B = G/B - flag variety of G
(smooth projective variety)



A(nother) geometric comparison between representations of real and p-adic groups

‘—Langlands parameter spaces

Langlands parameter space /R

v

m G - Langlands dual group

m B G- Borel subgroup (upper-triangular matrices)
~> B = G/B - flag variety of G
(smooth projective variety)

VGR - real form of G determined by Gr

Kgr < Gg - maximal compact subgroup

m K< G- complexification
~>Kc G B



A(nother) geometric comparison between representations of real and p-adic groups

‘—Langlands parameter spaces

Langlands parameter space /R

v

m G - Langlands dual group

m B G- Borel subgroup (upper-triangular matrices)
~> B = G/B - flag variety of G
(smooth projective variety)

VGR - real form of G determined by Gr

Kgr < Gg - maximal compact subgroup

m K< G- complexification
~Kc G B
Perv(B, f() - category of K-equivariant perverse sheaves on B
~~ Irr Perv(B3, K) - irreducible objects
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‘—Langlands parameter spaces

SL, example

Gr = PGL(R), G = PGL,(C),
Ar = inf char of trivial rep C
~~> [1(PGLy(R), trv) = {
C* (1-dim’l)
C~ (1-dim’l)
DS (co-dim'l)
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‘—Langlands parameter spaces

SL, example

Gr = SLa(R), G = SL,(C),
K=Cc*cP'=8
~~> |rr Perv(P, C*) = {
skyscraper at 0 € P!
skyscraper at oo € P!
constant sheaf Cp
T = “Mobius strip over C* < P1”
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‘—Langlands parameter spaces

SL, example

N(PGLy(R), trv) | Irr Perv(P!, C>)

Cct skyscraper at 0
C- skyscraper at
DS QPI

(C of PSU(2)) 7
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[ G;, - connected split reductive group /Qp
m A\, : Wg, — G, - “infinitesimal character” (due to Vogan)

M(Gp, Ap) - irreducible representations of G, with infinitesimal
character A, /~
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‘—Langlands parameter spaces

Setup /Q,

Want: classify M1(G),, A).
Local Langlands Correspondence/conjecture:

M(G,, Ap) ~ {(enhanced) Langlands parameters}/ ~

Vogan:

{(enhanced) Langlands parameters}/ ~= Irr Perv(XAp,ZvG;(Ap))
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Langlands parameter space /@p

Xn, = {€ €8, | Ywe Wo,, Ad(Ap(w))é = [w}

(conical affine variety in §;,)
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‘— Geometric comparison

Goal

Find pairs of groups (Gg, G;,) and pairs of infinitesimal characters
(Ar,Ap) so that
(G, Ap) ~ N(Gr, Ar)
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‘— Geometric comparison

Idea

Instead of trying to directly build a map
M(G,, Ap) ~ N(Gr, Ar)

Construct functors between

v

Perv(X/\p,ZC;J(/\p)) and Perv(B, K)

< construct a “map” of varieties

~

Xp, ¢—- B

P

In practice:

v

[Xn/Z5, (No)] <= [B/K]



A(nother) geometric comparison between representations of real and p-adic groups

‘— Geometric comparison

Desiderata

v

[Xn,/ Ze, (M) < [B/K]

should satisfy some properties:



A(nother) geometric comparison between representations of real and p-adic groups

‘— Geometric comparison

Desiderata

v

[Xn,/ Ze, (M) < [B/K]

should satisfy some properties:

m sends a large part of [B/K] into an open subspace of
[Xno/Z, (Ap)]



A(nother) geometric comparison between representations of real and p-adic groups

‘— Geometric comparison

Desiderata

v

[Xn,/ Ze, (M) < [B/K]

should satisfy some properties:

m sends a large part of [B/K] into an open subspace of
[Xn,/ Ze, (Ap)]

m intertwines translation functors and Jacquet
restrictions/Zelevinsky derivatives

N(G,A,) ~ N(Gr,Az)
Jacquetl J translation

MN(Lp Ay~ T(Gr, Ag)
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‘— Geometric comparison

Desiderata

[(Xn,/ Ze, (Ap)] +— [B/K]
should satisfy some properties:

m sends a large part of [B/K] into an open subspace of
[XAP/Z“;(AP)]

m intertwines translation functors and Jacquet
restrictions/Zelevinsky derivatives

XG;J,/\p ~ B
Lusztig indT T Hecke

Xun, ~ B
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Which pairs of groups?

The following pairs should work:

G, | Ge
GL,(Qp) GL,(C)
Sp(2m. Qp) U(a, b)

SO(2m+1,Qp)
(each Ag ~~ many possible (G,,\p)'s)
The following pairs are expected to work:

Sp(2m.Q,) | Sp(2n,R)
SO(2m+1,Q,) | SO(2n +1,R)
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'—Motivation/applications

Automorphic representations

m G - connected reductive group /Q
B Ag cRx[],Qp
= G(Ag) C L*(G(Q)A\G(Ag))
Automorphic representations: those appearing inside

[2(GQA\G(Ag)).
Arthur’s conjecture: classify automorphic representations.
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'—Motivation/applications

Arthur packets

Arthur:
= {automorphic reps} = J,; I'I@(G(A))
S

Arthur packets

/
n 7T = T 7T
\ ) R ®p P
G(Ag)-rep G(R)-rep G(Qp)-rep

~= MA(G(A)) ~ M (G(R)) and N (G(Qp))

~
local Arthur packets
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'—Motivation/applications

Calculation of Arthur packets

Status: for G split classical,
/Qp local A-packets are computable (3 algorithm)

/R local A-packets are known and easily computable if the
infinitesimal character is regular (“Adams-Johnson packets”)
Mceeglin-Renard: other A-packets can be obtained from
AJ-packets by translating the infinitesimal character
(3 not so nice algorithm)

~~> use our comparison and do calculation on the p-adic side
instead (this is the reason for the desiderata...)
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'—Motivation/applications

Multiplicity one of A-packets

Arthur: can determine the multiplicity of 7 in L?(G(Q)A\G(Ag))
provided the local A-packets have “multiplicity one.

m )~ A(%), finite group (usually 2-group)
= 7€ NJ(G) ~ pr € Rep(A())
“Multiplicity one” means dim p, = 1.
(solved in the p-adic case for quasi-split classical groups(?))
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Local Arthur packets via geometry

Adams-Barbasch-Vogan ('92) + Adams-Arancibia-Mezo ('22):
= M7 (G(R)), AQ@%): and pr, can be defined using microlocal
geometry of [5/K].
Vogan's conjecture ('93) +
Cunningham-Fiori-Moussaoui-Mracek-Xu ('21) + ... :

] I'IlA/}p(G(Qp)), A(1p), and pr, can (conjecturally) be defined
using microlocal geometry of [Xj,/Zx(Ap)].
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'—Motivation/applications

Local Arthur packets via geometry

Adams-Barbasch-Vogan ('92) + Adams-Arancibia-Mezo ('22):

= M7 (G(R)), AQ@%): and pr, can be defined using microlocal
geometry of [5/K].
Vogan's conjecture ('93) +
Cunningham-Fiori-Moussaoui-Mracek-Xu ('21) + ... :
] ﬂ@p(G(Qp)), A(1p), and pr, can (conjecturally) be defined
using microlocal geometry of [Xj,/Zx(Ap)].

Our comparison: also relates microlocal geometry info of both sides
~~> translate the problem to p-adic side
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gr-Hecke
algebra
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‘— Existing comparisons

Chan-Wong ('24)

rnm
Functor: Rep(GL,(C)) —"> Mod( Hj, ) —> Rep(GLm(Qp)).
unctor: Rep(GL,(C)) od( ) ep(GLm(Qp))

gr-Hecke
algebra

m Construction is algebraic, and no Langlands dual

m & our construction
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‘— Existing comparisons

Barchini-Trapa

G = G split classical group
[XAp/Zép(AP)] «— [B/K] locally closed immersion
m Good for relating Arthur packets for the same group

m image is small...
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‘— Existing comparisons

Thank you!
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