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A new geometric comparison between represenstations of real and p-adic groups

Langlands parameter spaces

Setup /R

G - connected reductive algebraic group /C
GR,0 - real group with complexification “ G

Γ “ GalpC{Rq ýG , Ǧ LG

ΛR : Z pUpgqq Ñ C - integral infinitesimal character

Adams-Barbasch-Vogan: (roughly) D perfect pairing

´

à

pure real forms
GR,x of GR,0

classified by H1pΓ,Gq

K0 ReppGR,xqΛR

admissible reps

¯

ˆ K0 PervX pLG ,ΛRq

“ABV space”

ÝÝÑ Z

standard (resp. irred) objects form dual bases up to signs.
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Langlands parameter spaces

Setup /R

´

à

K0 ReppGR,xqΛR

¯

ˆ K0 PervX pLG ,ΛRq

“ABV space”

ÝÝÑ Z

ABV space: roughly,

X pLG ,ΛRq “
ğ

rǨzǦ{P̌ΛRs

Ǩ “ complexification of maximal compact of some ǦR
P̌ΛR “ parabolic whose Levi is ĽΛR “ ZǦ pΛRq

Union over those ǦR compatible with ΛR and Γ ý̌G
Ů

tǨ -orbits Qu „ÝÑ tLanglands parameters with inf char ΛRu{ „

tlocal systems on Qu „ÝÑ tirreps of Langlands component groupu
„ÝÑ tL-packet corresponding to Qu



A new geometric comparison between represenstations of real and p-adic groups

Langlands parameter spaces

Setup /R

´

à

K0 ReppGR,xqΛR

¯

ˆ K0 PervX pLG ,ΛRq

“ABV space”

ÝÝÑ Z

ABV space: roughly,

X pLG ,ΛRq “
ğ
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P̌ΛR “ parabolic whose Levi is ĽΛR “ ZǦ pΛRq
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Langlands parameter spaces

Example: GR “ SL2pRq

G “ SL2, Ǧ “ PGL2

Ǩ1 “ Cˆ \ ωCˆ, ω “

ˆ

i

i

˙

Ǩ2 “ Ǧ

ΛR integral regular

LLC:

K0 ReppSL2pRqqΛR ˆ

´

K0 PervppCˆ \ ωCˆqzP1q

‘ K0 PervpPGL2zP1q

¯

ÝÝÑ Z
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Langlands parameter spaces

Example: GR “ GLnpCq

G “ Ǧ “ GLnpCq ˆ GLnpCq

Ǩ “ ∆GLnpCq

ΛR “ pλL, λRq P pC˚qn ‘ pC˚qn integral

X pLGLnpCq,ΛRq “ r∆GLnzpGLn ˆ GLnq{pPλL
ˆ PλR

qs

“ rPλL
zGLn{PλR

s.

LLC:

K0 ReppGLnpCqqΛR ˆ K0 PervpPλL
zGLn{PλR

q ÝÝÑ Z
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Ǩ “ ∆GLnpCq

ΛR “ pλL, λRq P pC˚qn ‘ pC˚qn integral

X pLGLnpCq,ΛRq “ r∆GLnzpGLn ˆ GLnq{pPλL
ˆ PλR

qs

“ rPλL
zGLn{PλR

s.

LLC:

K0 ReppGLnpCqqΛR ˆ K0 PervpPλL
zGLn{PλR

q ÝÝÑ Z



A new geometric comparison between represenstations of real and p-adic groups

Langlands parameter spaces

Example: GR “ GLnpCq
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Langlands parameter spaces

Setup /Qp

Hp,0 - connected split group /Qp

Γ ýH, Ȟ LH

Λp : WQp Ñ LH - (unramified) “infinitesimal character”

Borel, Kazhdan-Lusztig, Vogan . . . : D perfect pairing

´

à

pure rational forms
Hp,x of Hp,0

classified by H1pΓ,Hq

K0 ReppHp,xqΛp

smooth rep

¯

ˆ K0 Perv X pLH,Λpq

“Vogan variety2

ÝÝÑ Z
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Langlands parameter spaces

Setup /Qp

Vogan variety:

X pLH,Λpq “
␣

ξ P ȟ | AdpΛppwqqξ “ ||w ||ξ for any w P WQp

(

,

affine conic subvariety inside the nilpotent cone ȟ

X pLH,Λpq “ rZȞpΛpqzX pLH,Λpqs

Example of Hp “ GLmpQpq will appear later...
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Comparing representations

Two ways of relating ReppHpqΛp and ReppGRqΛR :

Construct maps/functors

ReppHpqΛp Ô ReppGRqΛR

Construct maps/functors

PervX pLH,Λpq Ô PervX pLG ,ΛRq

preferably coming from morphisms

X pLH,Λpq Ô X pLG ,ΛRq



A new geometric comparison between represenstations of real and p-adic groups

Comparing representations

Comparing representations

Two ways of relating ReppHpqΛp and ReppGRqΛR :

Construct maps/functors

ReppHpqΛp Ô ReppGRqΛR

Construct maps/functors

PervX pLH,Λpq Ô PervX pLG ,ΛRq

preferably coming from morphisms

X pLH,Λpq Ô X pLG ,ΛRq



A new geometric comparison between represenstations of real and p-adic groups

Comparing representations

Comparing representations

Two ways of relating ReppHpqΛp and ReppGRqΛR :

Construct maps/functors

ReppHpqΛp Ô ReppGRqΛR

Construct maps/functors

PervX pLH,Λpq Ô PervX pLG ,ΛRq

preferably coming from morphisms

X pLH,Λpq Ô X pLG ,ΛRq



A new geometric comparison between represenstations of real and p-adic groups

Comparing representations

Existing comparisons

Representation theoretic:

Arakawa-Suzuki
ReppGLmpQpqq Ð ReppSLnpCqq

Calaque-Enriquez-Etingof

Ciubotaru-Trapa

ReppGLmpQpqq Ð ReppGLnpRqq

G “ GLn, Spn, On,

Gp, GR “ split form of G

ReppGpq Ð ReppGRq

Chan-Wong ReppGLmpQpqq Ð ReppGLnpCqq

Etingof-Freund-Ma ReppSp2m{SO2m`1pQpqq Ð ReppUpa, bqq
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Comparing representations

Existing comparisons

Geometric:

Lusztig-Zelevinskii
Hp “ GLnpQpq, GR “ GLnpCq

X p
LH, intq ãÑ X p

LG , reg intq open

Ciubotaru-Trapa
Gp, GR “ split form of any G

Barchini-Trapa
X p

LGp, reg intq ãÑ X p
LGR, reg intq

locally closed

DHXZ

Hp “ GLmpQpq, GR “ GLnpCq, m ą n

X p
LH,Λpq Ðâ X p

LG ,ΛRq open

Hp,x “ inner to split BCDm

GR,x “ Upa, bq, a ` b “ n

X p
LH,Λpq L99 X p

LG ,ΛRq open
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Comparing representations

Main result 1

Theorem (DHXZ)

Fix pm,Λpq. Assume Λp has desirable shape (see examples below). There exists

a pair pn,ΛRq and an open immersion

X p
LGLmpQpq,Λpq Ðâ X p

LGLnpCq,ΛRq

and hence a pullback functor

PervX p
LGLmpQpq,Λpq Ñ PervX p

LGLnpCq,ΛRq.

For specific choices of Λp, this functor is adjoint to the functor

RepI pGLmpQpqq Ð ReppGLnpCqq defined by Chan-Wong.
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Comparing representations

Main result 1’

Theorem (DHXZ, in progress)

When pm,Λp,Λ
1
pq and pn,ΛRq are compatible (ñ m ” n mod 2), there are

almost open immersions:

If m, n are odd,

X p
LSpm´1,Λpq L99 X p

LUpa, bq,ΛRq

If m, n are even,

X p
LSOm`1,Λpq

X p
LUpa, bq,ΛRq

X p
LSOm,Λ

1
pq
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Comparing representations

Example: GL9pQpq and GL3pCq

Recall:

X pLGL3pCq, pλL, λRqq “ rPλL
zGL3{PλR

s

X pLH,Λpq “
␣

ξ P ȟ | AdpΛppfqqξ “ pξ
(

X pLH,Λpq “ rZȞpΛpqzX pLH,Λpqs

Goal: find an open subset in X pLGL9pQpq,Λpq isomorphic to

rPλL
zGL3{PλR

s.
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Comparing representations

Zelevinskii: Parameter space for GL9pQpq

Λp unramified ñ determined by Λppfq

Say Λppfq “ diagpp4, p4, p3, p3, p3, p2, p2, p2, p1q

V :“ C9

Vi :“ Λppfq-eigenspace for eigenvalue pi

Then

X pLGL9pQpq,Λpq – HompV1,V2q ˆ HompV2,V3q ˆ HompV3,V4q
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Comparing representations

Zelevinskii: Parameter space for GL9pQpq

V :“ C9

Vi :“ Λppfq-eigenspace for eigenvalue pi , with dimVi “ φpiq.

Then

X pLGL9pQpq,Λpq HompV1,V2q ˆ HompV2,V3q ˆ HompV3,V4q

ZGL9pΛpq GLpV1q ˆ GLpV2q ˆ GLpV3q ˆ GLpV4q

–

–

ý ý

The full rank part

OpLGL9pQpq,Λpq :“
␣

full rank elements in X pLGL9pQpq,Λpq
(

“ GLpV1,V2q ˆ GLpV2,V3q ˆ GLpV3,V4q

is a ZGL9pΛpq-stable open subset.
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Comparing representations

Example: GL9pQpq and GL3pCq

Claim

rZGL9pΛpqzOpLGL9pQpq,Λpqs – rPλL
zGL3{PλR

s

To see this, consider the ZGLmpΛpq-equivariant projection

OpLGL9pQpq,Λpq “ GLpV1,V2q ˆ GLpV2,V3q ˆ GLpV3,V4q

ÝÝ↠ GLpV1,V2q ˆ GLpV3,V4q
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Comparing representations

O “ GLpV1,V2q ˆ GLpV2,V3q ˆ GLpV3,V4q

ÝÝ↠ GLpV1,V2q ˆ GLpV3,V4q

Claim

GLpV1,V2q ˆ GLpV3,V4q is a single Z “
ś

i GLpVi q-orbit

The fiber OT over a point T is GLpV2,V3q – GL3pCq

The stabilizer ZT of a point T is the subgroup

$

&

%

`

c
˘

ˆ
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Comparing representations

Example: GL9pQpq and GL3pCq

Claim

O “ Z ˆZT
GL3pCq

Corollary

rZzOs “ rZzZ ˆZT
GL3pCqs “ rZT zGL3pCqs “ rP2,1zGL3{P1,2s

and hence

X pΛpq “ rZzX s Ðâ rZzOs “ rP2,1zGL3{P1,2s “ X pΛRq

Argument works in general under the

Condition: as i increases, the multiplicity of pi in Λppfq weakly increases

up to some number, stays constant for a bit, then weakly decreases.
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Arthur packets

G/Q
Arthur:

tautomorphic repsu Ď
ď

ψ

A-params

ΠA
ψpG pAqq

A-packets

Look at local components: ΠA
ψp pG pQpqq and ΠA

ψRpG pRqq

ψp : WQp ˆ SL2pCq ˆ SL2pCq ÝÝÑ LGp

ψR : WR ˆ SL2pCq ÝÝÑ LGR
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Application to Arthur packets

A comparison of A-packets

GR “ Upa, bq, a ` b “ n

Hp “ Sp2NpQpq if n odd

Hp “ SO2N`1pQpq if n even; H 1
p :“ non-split inner form of Hp

Consider

ψR for GR with base change BC pψRq “
À

i

`

z
z̄

˘

ki
2 b Smi

+ conditions (good parity, ...)

ψp for Hp whose image in GL2N`1{GL2N is

ψp “
À

i 1WQp
b Ski`1 b Smi
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Application to Arthur packets

A comparison of A-packets

GR “ Upa, bq, a ` b “ n

Hp “ Sp2NpQpq if n odd

Hp “ SO2N`1pQpq if n even; H 1
p :“ non-split inner form of Hp

Conjecture

If n is even, there is a bijection

ğ

a`b“n

ΠA
ψRpUpa, bqq „ÝÝÑ ΠA

ψp pHpq \ ΠA
ψp pH 1

pq

If n is odd, there is a bijection

ğ

a`b“n
a”pn´1q{2mod2

ΠA
ψRpUpa, bqq „ÝÝÑ ΠA

ψp pHpq
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Calculation of A-packets

ψR ΛR

ΛR is regular: ΠψRpUpa, bqq can be constructed easily using

cohomological induction in good range

(Adams-Johnson, Arancibia-Moeglin-Renard)

Moeglin: in this case ΠA
ψp pHpq is explicitly computed

can verify conjecture directly
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Calculation of A-packets

ΛR is singular:

Moeglin-Renard: ΠA
ψRpUpa, bqq

translation
ÐÝÝÝÝÝÝSS A-J packet

Moeglin: ΠA
ψp pHpq

derivatives
ÐÝÝÝÝÝÝSS regular packet

Want: a comparison of packets that intertwines translations and

derivatives
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Application to Arthur packets

Translation on parameter space

Translation functors: T
Λ1
R

ΛR
: ReppGRqΛR Ñ ReppGRqΛ1

R

ΛR more singular than Λ1
R

P̌ΛR Ě P̌Λ1
R

rǨzǦ{P̌ΛRs
π

↞ÝÝÝ rǨzǦ{P̌Λ1
R
s

PervX pLG ,ΛRq
π˚

ÐÝÝ PervX pLG ,Λ1
Rq

Lemma (Vogan)

Under LLC, T
Λ1
R

ΛR
is adjoint to π˚.



A new geometric comparison between represenstations of real and p-adic groups

Application to Arthur packets

Translation on parameter space

Translation functors: T
Λ1
R

ΛR
: ReppGRqΛR Ñ ReppGRqΛ1

R

ΛR more singular than Λ1
R

P̌ΛR Ě P̌Λ1
R
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R
s

PervX pLG ,ΛRq
π˚

ÐÝÝ PervX pLG ,Λ1
Rq

Lemma (Vogan)

Under LLC, T
Λ1
R

ΛR
is adjoint to π˚.



A new geometric comparison between represenstations of real and p-adic groups

Application to Arthur packets

Translation on parameter space

Translation functors: T
Λ1
R

ΛR
: ReppGRqΛR Ñ ReppGRqΛ1

R

ΛR more singular than Λ1
R

P̌ΛR Ě P̌Λ1
R
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Translation on parameter space

In general, consider Q̌ :“ P̌ΛR X P̌Λ1
R

rǨzǦ{P̌ΛRs
π

↞ÝÝÝ rǨzǦ{Q̌s
π1

ÝÝÝ↠ rǨzǦ{P̌Λ1
R
s

π˚π
1: : PervX pΛ1

Rq Ñ PervX pΛRq.
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Bernstein-Zelevinskii derivatives for GLmpQpq

The k-th partial BZ derivative is roughly

Dk : K0 ReppGLmpQpqq Ñ K0 ReppGLm´1pQpqq

M ÞÑ HomGL1p| ¨ |k , JGLm

GLm´1ˆGL1
Mq

Deng: under LLC, Dk is adjoint to Lusztig induction:

LInd : Perv
`

X pGLm´1,Λ
1
pq ˆ X pGL1, kq

˘

Ñ PervX pGLm,Λpq
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Main result 2

Assume Λp and Λ1
p have desirable shape as before.

Theorem (DHXZ)

The following diagram commutes

PervX pLGLmpQpq,Λpq PervX pLGLnpCq,ΛRq

PervX pLGLm´1pQpq,Λ1
pq PervX pLGLnpCq,Λ1

Rq

LInd π˚π
1: .

Theorem (DHXZ, in progress)

Analogous statement holds in the unitary-symplectic/orthogonal case,

and so the conjecture is true.
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A-packets via microlocal geometry

Adams-Barbasch-Vogan (’92) + Adams-Arancibia-Mezo (’22):

ΠA
ψRpGRq can be defined using microlocal geometry of X pLG ,ΛRq.

Vogan (’93) + Cunningham-Fiori-Moussaoui-Mracek-Xu (’21) + ... :

ΠA
ψp pHpq can (conjecturally) be defined using microlocal geometry of

X pLH,Λpq.

Our geometric comparison: also relates microlocal geometry info of both

sides
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Thank you!
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